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The present work is an extension of Morino’s panel method for the calculation of wave-making resistance of 
ships with special reference to sinkage and trim. The body boundary is linearized about the undisturbed position 
of the body and the free surface is linearized about the mean water level by the systematic method of 
perturbation. The surfaces are discretized into flat quadrilateral elements and the influence coefficients are 
calculated by Morino’s analytical formula. Dawson’s upstream finite difference operator is used in order to 
satisfy the radiation condition. The sinkage and trim of a ship are computed by equating the vertical force and 
pitching moment to the hydrostatic restoring force and moment. The present method has been applied to the 
Series 60 hull for different Froude numbers and is found to be efficient for evaluating the flow field, wave pattern 
and wave-making resistance in deep water.  
 
Key words: resistance, Morino’s panel method, perturbation method, sinkage, trim, Dawson’s finite difference 

operator.  
 
1. Introduction 
 
 A steadily advancing surface ship experiences sinkage and trim notably at high Froude numbers due 
to the hydrodynamic forces acting on the ship hull. Sinkage and trim effects are also observed in towing tank 
experiments if the ship model is not fixed to the towing carriage. A ship model free to sink and trim can 
experience an increase in wave resistance. Large trim changes may also affect the performance of a ship. 
Sinkage and trim in very shallow water may set an upper limit to the speed at which ships can operate 
without touching the bottom surface. Therefore, it is of practical importance to include sinkage and trim 
effects in the calculation of steady ship waves.  
 Suzuki (1979) developed the Neumann-Kelvin problem as a method of calculating the effect of 
sinkage and trim on the wave resistance of a ship. Yasukawa (1993) predicted the wave-making resistance 
taking into account the effect of sinkage and trim by the Rankine source method. The sinkage and trim are 
computed by equating the vertical force and pitching moment to the hydrostatic restoring force and moment.  
 Doctors and Day (2000) developed an inviscid linearized near-field solution with the framework of 
classical thin ship theory for the flow past a vessel with a transom stern. To take into account the effects of 
transom stern the hollow in the water behind the vessel is represented by an extension to the usual centre 
plane source distribution employed to model the ship itself.  
 Yang et al. (2000) developed a parallel free surface flow solver based on unstructured grid for steady 
ship wave resistance problem. The problem is formulated in terms of the Euler or Reynolds-average Navier 
Stokes (RANS) equation and then extended to incorporate the dynamic sinkage and trim to the steady wave 
calculation. The overall scheme combines a finite element, equal order, projection type three-dimensional 
incompressible flow solver with a finite element, two-dimensional advection equation solver for the free 
surface equation. The importance of the trim and sinkage of a ship are well indicated by Subramani et al. 
(2000). The other researchers who have made important contributions in the field of wave-making resistance 
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of ship taking into account the effects of sinkage and trim are Tuck (1967), Bessho and Sakuma (1992), 
Gourlay and Tuck (2001), Azcueta (2002) etc.   
 The objective of the present paper is to continue the development of a more efficient model to 
predict steady ship waves by Morino’s panel method while the Kelvin classical linearized free surface 
conditions are employed. Due to the significant effects of sinkage and trim on the hydrodynamic 
performance of a ship, dynamic sinkage and trim are incorporated in the calculations. 
  
2. Mathematical modelling of the problem 
 
 Let us consider two co-ordinate systems of which zyx ′′′  is fixed with respect to the ship and x y z is 
a steady moving frame of reference with a forward speed U in the direction of the positive x-axis as shown in 
Fig.1.  
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Fig.1. Definition sketch of the co-ordinate system. 
 

 The z-axis is vertically upwards and the y-axis extends to starboard. The origin of the co-ordinate 
system is located amidship on the calm water surface. It is assumed that the fluid is incompressible and 
inviscid and the flow irrotational. The total velocity potential function Φ  and wave elevation ζ  can be 
expressed as 
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where, ε  and δ  are two small parameters, φ  is perturbation potential due to uniform flow, sϕ  is steady 
potential due to unit sinkage, tϕ  is steady potential due to unit trim, s is the sinkage (positive upward) and t 
is the trim angle (trim by the stern is positive). It is assumed that φ , ϕ  and ζ are very small compared to free 
stream potential. If ϕ is considered to be of second order, Eq.(2.1) can now be expressed as 
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 The velocity potential Φ  satisfies the Lapace equation 
 
  02 =Φ∇ , (2.3) 
 
in the fluid domain V. The fluid domain V is bounded by the hull surface HS , free surface FS  and a surface 
of large hemishpere RS  in the lower half space. Now the problem can be constructed by specifying the 
boundary conditions as follows: 
 
(a) Hull boundary condition: The hull boundary condition simply expresses the fact that the flow must be 
tangential to the hull surface, i.e., the normal component of the velocity must be zero.  
 
  x1 Un: −=⋅φ∇ε n , 
 
  0: 2

2 =⋅φ∇ε n . 
 
 Due to sinkage and trim (2.4) 
 
  3s

2 m: =⋅ϕ∇ε n  
 
  5t

2 m: =⋅ϕ∇ε n   
 
 The m-terms are defined by Ogilvie and Tuck (1969) as   
 
  ( )Wnkji ∇⋅−=++ 321 mmm , 
    
  ( )( )Wxnkji ×∇⋅−=++ 654 mmm ,  
 
in which kjin zyx nnn ++=  denotes the unit normal vector on the surface and is positive into the fluid. W 
is the fluid velocity due to the steady forward motion of the vessel in the ship fixed coordinate frame. 
 
(b) Free surface condition: The kinematic and dynamic boundary conditions on the free surface can be 
respectively written as 
 
  0zyyxx =Φ−ζΦ+ζΦ      on     ζ=z , (2.5)  
 

  ( ) 0U
2
1g 2 =−Φ∇⋅Φ∇+ζ      on     ζ=z . (2.6) 

 
 Combining Eqs (2.4) and (2.5) we get 
 

  ( ) 0g
2
1

z =Φ+



 Φ∇⋅Φ∇∇⋅Φ∇      on     ζ=z . (2.7) 

 
 The free surface boundary condition Eq.(2.7) is nonlinear in nature and should be satisfied on the 
true surface, which is unknown and can be linearized as a part of the solution using the perturbation method. 
Substituting Eq.(2.2) into Eq.(2.7) and expanding the potential Φ  in a Taylor series about the mean free 
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surface 0z =  the following free surface boundary conditions for the first and second order approximations 
can be obtained as (see Maruo, 1966) 
 
  0K: z10xx1 =φ+φε , 
 
  ( )1z20xx2

2 fK: φ=φ+φε , 
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 With respect to sinkage and trim 
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  0K: tz0txx
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where 0K  is the wave number defined by 20 U
gK = . 

 
(c) Radiation condition: It is necessary to impose a condition to ensure that the free surface waves vanish 
upstream of the disturbance. 
 
3. The boundary element method 
 
 Applying Green’s second identity, Laplace’s equation can be transformed into an integral equation as 
(see Curle and Davies, 1968) 
 

  ( ) ( ) ( ) ( )
∫∑∫∑∫∑ ∂

φ∂
−

∂
φ∂

−
∂
∂

φ=φπ
=== F

F

H

H

H

H

S q

N

1jS q

N

1jqS

N

1j
GdS

n
qdSG

n
qdS

n
GqpE4  (3.1) 

 

where,   







=

F

H

S1

S21
E

on

on
 (3.2) 

 
Green’s function G can be approximated as (see Faltinsen, 1993)  
 

  ( ) ( )qpR
1

qpR
1G
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where, R is the position vector between the field point p and the point of singularity q on the surface and R′  
is its image. The integral over the surface RS  must be zero as the radius of the hemisphere increases 
infinitely. The integral over the element in Eq.(3.1) is calculated by Morino’s analytical expression (see 
Suciu and Morino, 1976) based on the assumption of a quadrilateral hyperboloid element. After satisfying 
the boundary conditions as stated in Eqs (2.4) and (2.8), the integral Eq.(3.1) can be written into a matrix 
form as 
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  [ ] [ ]BxA =  
 
where, [ ]A  and [ ]B  are the matrices built up by the Green’s function and its derivatives, and x is the column 
matrix formed by the strength of the sources and dipoles respectively. The second derivatives of velocity 
potentials in the left side of free surface condition (2.8) are computed by Dawson’s upstream finite difference 
operator (see Dawson, 1977) in order to satisfy the radiation condition. The matrix of linear system of 
equations is solved by the LU decomposition method as described by Press et al. (1999).  
 
4. Hydrodynamic forces on a ship  
 
 In order to calculate the forces and moments on the ship, the pressure must be evaluated on the actual 
instantaneous position of the ship hull. We choose to express the pressure at a point of the hull surface HS , 
in terms of the pressure at the corresponding point of 0S , the undisturbed position of the hull. The fluid 
pressure acting on the instantaneous wetted surface HS  during oscillatory motions of the ship can be written 
by Bernoulli’s equation  
 

  ( ) gzU
2
1pp 2 ρ−Φ∇⋅Φ∇−ρ=− ∞ . (4.1) 

 
 The pressure at any point on the surface HS  can be expressed in terms of the pressure at the 
corresponding point on the surface 0S  by a Taylor series expansion. Thus 
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 Now the total fluid velocity vector on the instantaneous wetted surface for the second order 
approximation HS  can be obtained as 
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2W , 
   (4.3) 
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 It is assumed that the oscillatory motions of the ship are so small that the second order terms of the 
unsteady components may be neglected, then the linearized form of the pressure on the wetted surface HS  
becomes  
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 The hydrodynamic forces ( 321k ,,=  indicates surge, sway and heave) and moments ( 654k ,,=  
indicates rolling, pitching and yawing) in the k-th direction can be represented as (see Yasukawa, 1993) 
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5. Sinkage and trim 
 
 Suppose the ship responds to these forces and experiences a sinkage s defined as the downward 
vertical displacement at 0x =  and trim t defined as the bow up angle of rotation about 0y = . Now the 
following equations are obtained from the static equilibrium of forces 
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( )xfw  is the width of the waterplane area at the still water level and L denotes the length of the ship. 

Combining Eqs (4.5), (5.1) and (5.2) we get 
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 Solving Eqs (5.3) and (5.4) we shall get the value of sinkage s and trim t.  
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6. Wave profile and resistance 
 
 The linearized equation of wave profile for the first and second order approximation can be obtained as  
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 After calculating the fluid velocity Φ∇  at the control points on the hull surface the pressure co-
efficient can be evaluated as 
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 The first order velocity potential Φ∇  for fixed sinkage and trim is given by 
 
  1U φ∇+=Φ∇ , 
 
and the second order velocity potentials Φ∇  for fixed and free sinkage and trim are given respectively as 
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 Now including the waterline integral the wave-making coefficient can be obtained as 
 

  2
WL

x
2

N

1i

x

N

1i
p

w SU

dLng

S

SnC
C

H

H

ρ

ζρ

−

∆

∆

−=
∫

∑

∑

=

=  (6.5) 

 
where S∆  denotes the area of a panel on the hull surface. 
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7. Results and discussion 
 
 To calculate the wave resistance of a ship-like body, the method has been tested for the Series 60 
hull. Since the body is symmetric one-half of the computational domain is used for numerical treatment. The 
panels from 0.5 ship length upstream to 1.5 ship length downstream cover the free surface domain. The 
transverse extension of the free surface is about 1.05 ship length. The number of panels on the hull and free 
surface are taken 1040 ×  and 1570 ×  respectively as shown in Fig.2. A three-point upstream difference 
operator is used in both longitudinal and transverse direction to advect disturbances in the downstream 
direction. The method employs a clustering of panels on the free surface. 
 

  a) hull surface 

 
 

  b) Free surface 

 
 

Fig.2. Distribution of panels on the body and free surface. 
 

 Figure 3 presents a comparison of the measured and calculated wave profiles based on the second 
order approximation with free sinkage and trim (abbreviated as 2nd, free) at different speeds. The main 
differences are found at the bow and stern region and are likely to have been caused by the following 
reasons: The wave profiles are taken from the free surface elevations at the panels next to the body, not at the 
actual hull surface, which resulted in some error especially near the bow and the stern. Another important 
fact is that the wave profile near the bow and stern region is strongly influenced by the nonlinear terms and 
the linearized free surface condition may not simulate the exact boundary condition properly. 
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a) Wave profile at 22.0Fn =  
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b) Wave profile at 25.0Fn =  
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c) Wave profile at 30.0Fn =  
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d) Wave profile at 34.0Fn =  
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Fig.3. Calculated and measured wave profiles for Series 60 hull. 
 

 In Fig.4 the calculated wave-making resistance based on the first and second order approximation 
with free sinkage and trim in deep water is compared with the experimental results of the Ship Research 
Institute of Japan (SRI), Ishikawajima-Harima Heavy Industries Co. Ltd. (IHI) and Nippon Kaiji Kyokai 
(NKK). These experimental results are presented by Takeshi et al. (1987). Figures 5 and 6 present a 
comparison of the calculated sinkage and trim based on second order approximation with the experimental 
results for the Series 60 hull and agreement is found to be quite satisfactory.  
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Fig.4. Calculated and measured wave making resistance for Series 60 hull. 
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Fig.5. Comparison of calculated and measured sinkage in deep water. 
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Fig.6. Comparison of calculated and measured trim in deep water. 
 

 Figure 7 shows a comparison of the wave pattern for different ship speeds in free to sink and trim 
condition. As can be seen in these figures, diverging waves are radiating from the bow together with 
transverse waves following behind the stern of the ship. 
 
 a) Wave pattern at 289.0Fn =  
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 c) Wave pattern at 35.0Fn =  
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d) Wave pattern at 40.0Fn =  
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Fig.7. Comparison of wave pattern at different speeds. 
 
8. Conclusions 
 
 The present paper numerically investigates the free surface flow around a ship in deep water using 
Morino’s panel method in which the Kelvin classical linearized free surface condition is incorporated. The 
following conclusions can be drawn from the present numerical analysis: 
 
a) The wave-making resistance predicted by the second order solution shows closer agreement with the 

experiment than that of the first order solution.  
 
b) The second order solution significantly improves the wave profiles particularly at the bow and the first 

trough but after that the difference between the first and second order results seems insignificant.  
 
c) The agreement between calculation and measurement tends to become worse with the increase of the 

Froude number.  
 
Nomenclature 
 
 wC  – wave making co-efficient 
 nF  – Froude number 
 g – acceleration due to gravity 
 G – Green’s function  
 0K  – wave number 
 L – length of the ship model 
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 HN  – number of panels on the hull surface 
 FN  – number of panels on the free surface 
 ( )qpR ;  – position vector between the field point p and the point of sigularity q on the surface 
 R ′  – image of R 
 FS  – free surface  
 HS  – hull surface  
 RS  – surface of a large hemishpere   
 s  – sinkage (positive upward) 
 t – trim angle (trim by the stern positive) 
 U – uniform velocity in the positive x-direction 
 Φ  – total velocity potential  
 δε,  – perturbation parameter  
 φ  – perturbation velocity potential due to uniform flow 
 xφ  – velocity of the fluid in the x-direction 
 yφ  – velocity of the fluid in the y-direction 
 zφ  – velocity of the fluid in the z-direction 
 1φ  – first order perturbation velocity potential 
 2φ  – second order contributory part for perturbation velocity potential 
 ϕ  – perturbation velocity potential due to sinkage and trim 
 sϕ  – steady potential due to unit sinkage 
 tϕ  – steady potential due to unit trim 
 ζ  – wave elevation 
 1ζ  – first order wave elevation 
 2ζ  – second order contributory part for wave elevation 
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