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Closed form expressions of reflection and transmission coefficients are obtained when a plane SH-wave
becomes incident at a uniform elastic layer interposed between two different self-reinforced elastic solid half-
spaces. It is found that the reflection and transmission coefficients are strongly influenced by the reinforcement
parameters of the half-spaces. Numerical computations are performed for a specific model to study the effect of
reinforcement parameters and angle of incidence of the incident wave on these coefficients. Numerical study
reveals that both reflection and transmission coefficients are significantly influenced by the reinforcement
parameters in the entire range of angle of incidence, except at normal and grazing incidence where the effect of
reinforcement parameters is found minimum.
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1. Introduction

Seismic waves, like lighting waves, undergo regular reflection and transmission across the boundary
between layers of the Earth having different physical properties. The problems of reflection and transmission
of seismic waves from these boundaries present in the earth medium are of great practica importance in
seismology. They are not only helpful in investigating the interna structure of the Earth but are also very
helpful in exploration of natural resources buried inside the Earth surface, e.g., oils, gases, deposits and other
useful hydrocarbons and minerals.

The characteristic property of a self-reinforced material is that its components act together asasingle
anisotropic unit as long as they remain in eastic condition, i.e., the two components are bound together so
that there is no relative displacement between them. There is sufficient evidence in the literature that the
Earth crust may contain some hard/soft rocks or materials that may exhibit sdf-reinforcement properties.
These rocks when they come in the way of seismic waves do affect their propagation and such seismic
signals are aways influenced by the dastic properties of the media through which they trave. Keeping this
in mind, the problem of reflection and transmission of plane SH-wave through an dastic layer embedded
between two different sdf-reinforced dastic solid ha f-spacesis studied.

Cerveny (1974) and Gupta (1962; 1966) investigated reflection and transmission coefficients for a
transition layer. The problems of reflection and transmission of SH-waves through the transition layer have
also been discussed by Sinha (1964), Thapliya (1974), Singh (1977), Singh et al. (1978), Mahotra et al.
(1983), Kaushik and Rana (1997) among others. Caviglia and Morro (2002) investigated reflection and
transmission matrices, associated with obliquely incident plane harmonic waves for a planarly-stratified
inhomogeneous layer. Recently, Chaudhary et al. (2004; 2005) studied the problems of transmission of a
plane SH-wave through a sd f-reinforced eastic slab sandwiched between two dastic solid hal f-spaces.
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The idea of introduding a continuous reinforcement at every point of an dastic solid was given by
Belfield et al. (1983). Later, Verma and Rana (1983) applied this mode to the rotation of atube, illustrating
its utility in strengthening the lateral surface of the tube Verma (1986) also discussed the magnetoe astic
shear waves in sdf-reinforced bodies. The problem of magneto-dastic transverse surface waves in sef-
reinforced eastic solids was studied by Verma et al. (1988). Chattopadhyay and Choudhury (1990) studied
the propagation; reflection and transmission of magnetodastic shear waves in a sdf-reinforced eastic
medium. Chattopadhyay and Choudhury (1995) studied the magnetoelastic shear waves in an infinite self-
reinforced plate. Chattopadhyay and Venkateswarul (1998) investigated a two-dimensional problem of stress
produced by a pulse of shearing force moving over the boundary of a fiber-reinforced medium. Sengupta and
Nath (2001) studied the surface wave propagation in a fiber-reinforced ani sotropic eastic media

In the present work, we have atempted a two-dimensiona problem of reflection and transmission of
a cplane SH-wave through an isotropic homogeneous elastic layer interposed between two different self-
reinforced eastic solid half-spaces. The expressions for reflection and transmission coeffi c ents are obtained
in closed form and the effect of various parameters such as reinforced parameters, normalized wave number
and the angle at which the wave crosses the magnetic fid d, on these coefficients have been studied in detail.
Results of some earlier workers have been reduced as a particular case of the present formul ation.

2. Formulation of the problem and basic equations

We consider a homogeneous isotropic dastic layer H, having uniform width ‘d" and interposed
(sandwiched) between two perfectly conducting sdf-reinforced linearly dastic solid haf-spaces H, and
H ;. The Z-axis of the rectangular Cartesian coordinate system is pointing into the lower half-space H; such
that z=0 and z=-d aretheinterfacesbetween H, - H, and H, - H; respectively. Let atrain of aplane
SH-wave propagating through the lower medium H; become incident at the interface z=0 making an
angle’ gy’ with the Z-axis. The geometry of the problemis shownin Fig.1.
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Fig.1. Geometry of the problem.
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The governing equations of propagation of small disturbances in a self -reinforced dastic mediumin
the absence of body forces and displacement current are given by (Verma, 1986)

'ITZUi

e (i,j=123) (2.1)

t”’] +(J ’ B)I =r
where t are the components of the stress tensor, J isthe electric current, B is the magnetic induction, u;
are thecomponents of the displacement vector u and r isthe density of the medium. The vectors J and B

are given by the following wel known Maxwel’s fundamental equations

fu, 06

N"H=J, N E=-1=, R[>B=0, B=mH, J:sg it B (22
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where E isthe induced dectric fiedd, H :(HX, Hy, HZ) is the total applied and induced magnetic field,

m, is the magnetic permeability and s isthe electrical conductivity.

The stress — strain relation in a sdf — re nforced eastic solid medium, in which reinforcement is to
make the material localy transversey isotropic whose preferred direction is that of unit vector a, is
(Bdfield et al., 1983)

ti; =1 ey dj +2mcg; +a(akamekmdij +ekkaiaj)+

(2.3)
+2(m - my ) (B2 +a;2¢8 )+ b aanmaa,;

where | ,my,m ,a and b are the material constants, t;; are the components of stress tensor, g; are the

components of infinitesimal strain tensor and & arethe components of a.
Thelast Eqg.(2.2) can be written as

R2H =smaH - @4y & 24
R TR TR | @4

For the motion of SH-wave in the x- z plane, we take u= (0, Vs O), m=1,3 in medium H,,

and 1]1 ° 0. From Eq.(2.4), we have
y

T[HZ :LNZ

= 29 (2.5)
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For perfectly conducting medium, that is, when s ® ¥ , it can be seen from Egs (2.5) and (2.6) that
thereis no perturbationin H, and H,. Thusin this case, Eq.(2.6) becomes
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H
Hy =& Vnd, T Mnd 2.7
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We may take small perturbation® h,’ in H, only as follows
Hy =Hos, Hy=Hg +hy, H, =Hgs,
such that
H =(Hcosf, h,, Hysinf) (2.8)
where H, :|HO| and f istheangle at which the wave crosses the magnetic field.
Plugging Eq.(2.8) into EQ.(2.7) and integrating with respect to ‘'t we get
h, = Hogcost W 4 sint NV (2.9)
e fix 1z o

Sincethereis no peturbation inthe magneticfidd initidly, i.e, h, =0, therefore, from Eq.(2.2), we have

J'B :rneg(H HR)H - %NH ZE. (2.10)

Using Eq.(2.8) into Eq.(2.10), it can be shown that

. e . Th .  Tho
J’” B), =m.Hyctosf —= +sinf —=+, (211)
( )2 m og 1 7 5
is the only non-zero component. Equation (2.11) with theaid of Eq.(2.9) yidds
2 2 2 )
(07 ), =m5Soos”t L wsinzt T rginzf L n (212)
x fixfz 2 5
The non-zero stress components from Eq.(2.3) with a= (al, 0, a3) ae
Wm € 2 Wm Wm u
tog=m ——=+ - —R +aa3—, 2.13
23 =My 1z (”l mr)éas 1z 1% g 0 (213)
T[Vm é 2 m Wml]
tyy =m —=+(m - 2] — - taa;— . (2.14)
=M+ M-y )gaf S anas <oty

Using expressions given by Egs (2.12) to (2.14) in Eq.(2.1), we have the following equation of
motion



Plane SH-wave response from el astic slab interposed between ... 791

2
[mr +mH 2 cos? f+al ]ﬂv +
+[2aa(m— )+ 25 ]ﬂ o
18z\m - mp )+ mgHg sin 2f 1]x‘|]z+ (2.15)
2 2
+[mr +m?Hozsin2f+a§(mL-mr)]ﬂ Vi _p TV

122
For time harmonic SH-wave propagating in the positive x- direction, the general solution to this
equation in the half space H, may be taken as

€ i 5 (U
Vl—Ale(p@k| x+ggl+i—z ct u+ B, ex peik:'x— 8%1+igz- ctug (2.16)
2P pa §1 &' 2Ps  pa

where A; and B; areunknown, k isthe wave number, cis the phase velocity and

2 1@®w? o 2 .
Qz, S=2aa - +mHg sin2f ,
o = \/4P2 Pékz - 13g(m - my )+ mH§
(2.17)

P=my +mHSsin*f +af(m - m ), Q=m +mHJ cos*f +af(m - m),

w beng the angular frequency.
Using Eq.(2.16) in Eq.(2.13), the stress component in the self-reinforced dastic half-space H, isgiven by

S 9 S &
(tash —|kA11 91 +_‘mr +ag(m - mr)]+alas(”1 mr) @<pélk:X+8%1+——z ot u+
" ﬁ ! 2P b (2.18)

9 8]

In the self-reinforced medium H, denoting the quantities by superscript prime ( / ) the relevant
displacement and stress components respectively are given by

V3= As@(loekl X+qgﬁt+——z Ctgu, (2.19)

. (2.20)
6

’e(péik:' geﬂl+igz ct u

s 1 & %

2Py

where gf, P¢, St and Q( can be obtained from Eq.(2.17) by putting primes appropriately.
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For the propagation of SH-waves in a homogeneous, isotropic dastic layer H,, the displacement
component V, satisfies the following equati on of motion

'|12v2+'|12v2 1112v2_
™ 122 b3 t?

The time harmonic sol ution to this equation is given by
Vo, = Ay e(p{ik(x+ 0,z- ct)} +B, e(p{ik(x— 0,Z- ct)} (2.21)

c? 2_M

where A, and B, are constants, gz—b——landb =—=.
r

2 2

The requisite component of stressin medium H, isgiven by
(t23), =ikgomy A, expfik(x+gpz- ct)} - ikgomy B, exp{ik(x- gyz- ct}. (222)
3. Boundary conditions

We assume that the interposed layer and the half spaces are in welded contact. Therefore, the
boundary conditions are the continuity of displacement and stresses a the interfaces. Mathematically, these
boundary conditions can be expressed as:

0 V=V, ) [tal=ltal,, a  z=0,
(i)  V,=Va, (iv) ltosl, =[tsls, @ z=-d.
Sndl’slaw is given by

by _ by _ b
sing; snd, sindg

c=

(3.1)

where bf=m:/r and bf=ng/rc

Using Egs (2.16) to (2.22) in these four boundary conditions and making use of Sndll’s law given by
Eq.(3.1), we obtai ned the following equations written in a matrix form as

&y1 8y A3 84 0aR 0 ch:e 190
Gagy Ay Apz Ay = (;T¢- c Slj
Sag) agp agg g “SRE G 0

- (3.2
a41a42343344z§Tz é 0 r:a

where the el ements of matrices are given by

a1 =1, ap=az=-1, ay=ay=a;=a, =0, an=S,, ay=-ay=0m,
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. : i S¢o U
= - ikg,d = kg,d =- - ik
Az @(p( IKg, )’ As3 9<p(' 9, )’ Azq @(p% i 99?+2P¢g%
. . S¢o 1]
a42:g2rnze(p(- 'kgzd)’ a43:-g2rnze(p(- 'kgzd)’ a44—-839(p| 'kf}gﬂ”zp%g
_& . S9 2 ]
Sl—ggﬁﬁvmﬁas(m-mr)+a1a3(rr1-mr),
_& S 2 ]
Sz—ggl+§vmr+a3(m-mr)-alas(m-mr),
Sy =+ ot + af e - v¢)]- apag(rg - ).
and R:ﬁ, T¢:i, R¢—— :i
A A A At
On solving Eq.(3.2) for Rand T, we abtain
r=2 72D (33)
D D

where

D= gxmy(S, +5)- (6E + 5, fexp ikayd) +

ot (s, )+ g + 5 ool ngpalfe- e Sy

D; = flgm(Ss - 9.)+(03m8 - S5 Jexplikg,d)+

+am(s;- 5)- (BnE - 5,5 Jew (- ika,a) ]e‘p' gD+ P%iﬁ

D, :-2g2mZ(Sl+SZ).

The formulae for reflection and transmission coefficients given by Eq.(2.21) show that they depend
on reinforcement parameters, angle of inci dence and on the thickness of the sandwiched layer.

4. Special cases
(i) When the sandwiched layer is absent, we shall be left with two different sef-reinforced dastic solid

half-spaces in welded contact. In this case, putting d =0 in the formulae (3.3), we obtain following expressions
of the reflection and transmission coefficients at the wel ded contact interface for the relevant problem
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S-S5 =35 4.1
S+ S+

(ii) When the reinforcement of both the half-spaces is neglected, we obtain two isotropic
elastic half-spaces in welded contact. In this case, we put m =m =m, n{ =nf =nf,

a, =az =af =a§ =0 in the formulae (4.1), we obtain the reflection and transmission coefficients for
the relevant problem as

R= ntang, - mtang, T= 2mtang,
mtang, + ntang mtang, + mtang,

c? c?
where tangy =, /—- 1, tanqs = [—5- 1.
bl bl

Equation (4.2) gives the reflection and transmission coefficients of the incident SH-wave at the
interface between two uniform dastic hal f-spaces in welded contact, already given in (Bullen and Bolt, 1985,
pp.143) for therdevant problem.

4.2

5. Numerical results

In order to study the effects of the self-reinforced dastic parameters e, and ef, , the normalized
wave humber ‘kd’ and the angle ‘ f ’, on the reflection and transmission coefficients due to the incident SH-
wave, we consider the following val ues of parameters for the layer and hal f-spaces:

In the half-space H; (Chattopadhaya and V enkateswarul, 1998)

m =566" 10°N/m?, m =246" 10°N/m?, r =7800kg/m® and a, =0.0316.
Inthelayer H, , thevalues of the dastic constants taken are

m, = 42.98" 10° N/m?, r, =2900 kg/m® .
In the half-space H4

ng =4.80" 10°N/m?, n$=120" 10°N/m?, r¢=4200kg/m® and af=0.0421.

Figure 2 shows the variation of reflection coefficient with the angle of incidence for different val ues
of e, [EmHZ/m ) and e (=ngHE/nE). When (e et )=(0,0),(0.02,0.04) (01,0.2), kd =00,
(f,fo= (300,450) and c/b; =1.20, it is dear from the figure that the reflection coefficient has maximum
value near the normal incidence for (eH ,ef ) = (0,0), after that it starts decreasing monotonically with angle
of incidence and attains its minimum value &t the grazing incidence. But as soon as the values of e and

ef, increase, the value of reflection coefficient decreases fast near the normal incidence, while it increases

slowly at the grazing ind dence.
Figure 3 shows that the transmission coefficient’s behaviour is contrary to that of the reflection
coefficient for the same values of parameters.
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Fig.3. Effect of e, and ef; - variation of modulus of transmission coefficient (T) with angle of incidence
(Cuves — 1, 2 and 3 when (e, ef;)=(0,0),(0.02,004) and (0.1,0.2) with kd=0.0,
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Figures 4 and 5 show the variation of the reflection and transmission coefficient respectively with
angle of incidence for different values of kd when (ey,ef;)=(0.02,0.04), (f,fd= (300, 450) and
¢/b, =1.20. We notice from Fig.4 that when kd =0.0, the reflection coefficient starts with the value 0.79
approximatdy, then decreases slightly with an increasing value of angle of incidence attaining its minimum

value 0.65 at the grazing incidence. The va ue of reflection coefficient increases near normal incidence with
an increase in kd. For kd ! O, the reflection coefficient decreases and attains its minimum value near

q=15° and then starts increasing rapidly attaining its maximum vaue at the grazing incidence. It is

interesting to note that the value of reflection coefficient at q=35° and q=6° does not change with the
change in ‘kd’. Thus the effect of the increasing values of ‘kd’ is to increase the value of reflection
coefficient before g =6° and after g =35, whileit decreases rapidly in therange 6° < q< 35°.

From Fig.5, it is dear that the effect of increasein kd is to decrease the transmission coefficients for
al values of g, however the magnitude is different for different gq. For kd =0.0, the transmission
coefficient increases with q, whilefor kd * 0, the transmission coefficient first increases when the angle of
i ncidence attains maximum value and then decreases.

Figures 6 and 7 show the variation of reflection and transmission coefficients with the angle of
incidence for different values of c/b;, namely 1.2, 1.6, 2 and 5 and kd =0.5; (eH ,eh):(0.0Z, 0.04);

(f,fd= (300, 450). It is clear from Fig.6 that the reflection coefficient starts decreasing from its maximum
value at normal incidence attai ning its minimum va ue and then increases monotonically with theincreasein
the angle of incidence attaining its maximum value at the grazing incidence. The effect of an increase in
c/b, is different on the reflection coefficient at a given range of the angle of incidence, however the
variation pattern of the reflection coefficient remains same. A comparison of Figs 6 and 7, shows that the
variation trend is just reverse
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Fig.4. Effect of kd - variation of modulus of reflection coefficient (R) with angle of incidence (Curves—1, 2,
3 and 4 when kd=0.0,0510 and 20 with (e,,ef)=(0.02,004), (f,f9=(30° 45°) and
c/b; =1.20).
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Fig.7. Effect of ¢/b; - vaiaion of modulus of transmission coeffident (T) with angleof ind dence (Curve—1, 2, 3and 4
when ¢/b; =1.2,1.6, 2.0 and5.0with kd =05, (e, , ef, ) =(0.02,0.04), (f, f§ = (300, 450)).
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Fig.8. Effect of f and f ¢ - variation of modulus of reflection coefficient (R) with angle of inddence (Curve

-1, 2 3,4,5and 6 when f=f¢=0°10°, 30°, 45°,60° and 90° respectively with kd =0.5,
(e, ef,)=(0.02,0.04), and c/b; =1.20).
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Fig.9. Effect of f and f( -variation of modulus of transmission coefficient (T) with angle of incidence
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(Curves—1, 2, 3,4, 5and 6 when f =f¢=0°,10°, 30°, 45°,60° and 90° respectively with kd =0.5,
(e, ef,)=(0.02,0.04), and c/b, =1.20).

Conclusons

Closed form expressions of reflection and transmission coefficients are derived when a plane SH-wave
is incident upon a uniform dastic layer interposed between two different self-reinforced elastic solid
hal f-spaces.

Analytical formulae show that the reflection and transmission coefficients are continuous functions of
the angle of incidence, thickness parameter and that of the reinforced elastic parameters.

Numerical study predicts that the variation of reflection and transmission coefficients with the angle of
incidenceisreversein general.

It was a'so noticed that an increasein the value of ‘kd' resultsin an increase in the reflection coefficient
near the normal and grazing incidences. On the other hand, the transmission coefficient decreases with
the angle of incidence as the values of ‘kd’ are increased.

It was also observed that the parameters under consideration have a significant effect on reflection and
transmission coefficients.

The effect of f and fC is observed on reflection and transmission coefficients, however these

coeffidents are least affected at normal and grazing incidences.
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Nomenclature

a —components of unit vector a in the direction of self-reinforcement
B —magnetic induction

¢ — phase velocity

d —thickness of theinterposed layer H,

E —induced electric current
§j —components of infinitesimal strain

H —total applied and induced magnetic field
h, —perturbation in the magnetic field

J —eectric current
k —wave number
R, T —reflection and transmission coefficient
t —time
u; —components of displacement vector u
Vn-y —component of displacement in medium H

X, z — Cartesian coordinates
b, —velocity of SH-wavein medium H;

by —velocity of SH-wavein medium H,
b, —velocity of SH-wavein medium H,
ey.ef, —reinforcement parameter in medium Hq, Hj
g; —angle made by reflected SH-wave with vertical in medium H;
do, U2, O3 —angle made by SH-wave with vertical in medium H,, H,, H3 respectively

I,mr,m ,a,b —materia constantsin self-reinforced medium

m, —rigidity of medium H,

m.  — magnetic permeability

r —density of half-space H;

r ¢ —density of half-space H,

r, —density of interposed layer H,

s —eélectrical conductivity

tjj —stresstensor

ij
f,f ¢ —angle between wave propagation and magnetic field in medium H,, Hg
w —angular frequency
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